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The first three postulates of quantum mechanics concern the properties

of a quantum state. The fourth postulate concerns how states evolve with
time. The postulate says that in non-relativistic quantum mechanics, a state
satisfies the Schrödinger equation:

ih̄
∂

∂t
|ψ〉=H |ψ〉 (1)

where H is the Hamiltonian, which is obtained from the classical Hamil-
tonian by means of the other postulates of quantum mechanics, namely that
we replace all references to the position x by the quantum position operator
X with matrix elements (in the x basis) of〈

x′ |X|x
〉
= δ
(
x−x′

)
(2)

and all references to classical momentum p by the momentum operator P
with matrix elements 〈

x′ |P |x
〉
=−ih̄δ′

(
x−x′

)
(3)

We begin with a Hamiltonian that does not depend explicitly on time,
and then by observing that, since the Schrödinger equation contains only
the first derivative with respect to time, The time evolution of a state can
be uniquely determined if we specify only the initial state |ψ (0)〉. [A dif-
ferential equation that is second order in time, such as the wave equation,
requires both the initial position and initial velocity to be specified.] We
then find the eigenvalues and eigenvectors of the Hamiltonian in some ba-
sis and use these to construct the propagator U (t). We can then write the
solution as

|ψ (t)〉= U (t) |ψ (0)〉 (4)

For the case of a time-independent Hamiltonian, we can actually con-
struct U (t) in terms of the eigenvectors of H . The eigenvalue equation is
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H |E〉= E |E〉 (5)

where E is an eigenvalue of H and |E〉 is its corresponding eigenvector.
Since the eigenvectors form a vector space, we can expand the wave func-
tion in terms of them in the usual way

|ψ (t)〉= ∑ |E〉〈E |ψ (t)〉 (6)

≡∑aE (t) |E〉 (7)

The coefficient aE (t) is the component of |ψ (t)〉 along the |E〉 vector as
a function of time. We can now apply the Schrödinger equation 1 to get (a
dot over a symbol indicates a time derivative):

ih̄
∂

∂t
|ψ (t)〉= ih̄∑ ȧE (t) |E〉 (8)

=H |ψ (t)〉 (9)

= ∑aE (t)H |E〉 (10)

= ∑aE (t)E |E〉 (11)

Since the eigenvectors |E〉 are linearly independent (as they form a basis
for the vector space), each term in the sum in the first line must be equal to
the corresponding term in the sum in the last line, so we have

ih̄ȧE (t) = aE (t)E (12)

The solution is

aE (t) = aE (0)e−iEt/h̄ (13)

= e−iEt/h̄ 〈E |ψ (0)〉 (14)

The general solution 7 is therefore

|ψ (t)〉= ∑e−iEt/h̄ |E〉〈E |ψ (0)〉 (15)

from which we can read off the propagator:

U (t) = ∑e−iEt/h̄ |E〉〈E| (16)

Thus if we can determine the eigenvalues and eigenvectors of H , we can
write the propagator in terms of them and get the general solution. We can
see from this that U (t) is unitary:
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U†U = ∑
E′

∑
E

e−i(E−E
′)t/h̄ |E〉

〈
E
∣∣E′ 〉〈E′∣∣ (17)

= ∑
E′

∑
E

e−i(E−E
′)t/h̄ |E〉δEE′

〈
E′
∣∣ (18)

= ∑
E

|E〉〈E| (19)

= 1 (20)

This derivation uses the fact that the eigenvectors are orthonormal and
form a complete set, so that 〈E |E′ 〉 = δEE′ and ∑E |E〉〈E| = 1. Since a
unitary operator doesn’t change the norm of a vector, we see from 4 that if
|ψ (0)〉 is normalized, then so is |ψ (t)〉 for all times t. Further, the proba-
bility that the state will be measured to be in eigenstate |E〉 is constant over
time, since this probability is given by

|aE (t)|2 =
∣∣∣e−iEt/h̄ 〈E |ψ (0)〉∣∣∣2 = |〈E |ψ (0)〉|2 (21)

This derivation assumed that the spectrum of H was discrete and non-
degenerate. If the possible eigenvalues E are continuous, then the sum is
replaced by an integral

U (t) =
∫
e−iEt/h̄ |E〉〈E|dE (22)

If the spectrum is discrete and degenerate, then we need to find an or-
thonormal set of eigenvectors that spans each degenerate subspace, and sum
over these sets. For example, ifE1 is degenerate, then we find a set of eigen-
vectors |E1,α〉 that spans the subspace for which E1 is the eigenvalue. The
index α runs from 1 up to the degree of degeneracy of E1, and the propaga-
tor is then

U (t) = ∑
α

∑
Ei

e−iEit/h̄ |Ei,α〉〈Ei,α| (23)

The sum over Ei runs over all the distinct eigenvalues, and the sum over α
runs over the eigenvectors for each different Ei.

Another form of the propagator can be written directly in terms of the
time-independent Hamiltonian as

U (t) = e−iHt/h̄ (24)

This relies on the concept of the function of an operator, so that e−iHt/h̄

is a matrix whose elements are power series of the exponent − iHth̄ . The
power series must, of course, converge for this solution to be valid. Since
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H is Hermitian, U (t) is unitary. We can verify that the solution using this
form of U (t) satisfies the Schrödinger equation:

|ψ (t)〉= U (t) |ψ (0)〉 (25)

= e−iHt/h̄ |ψ (0)〉 (26)

ih̄
∣∣ψ̇ (t)〉= ih̄

d

dt

(
e−iHt/h̄

)
|ψ (0)〉 (27)

= ih̄

(
− i
h̄

)
He−iHt/h̄ |ψ (0)〉 (28)

=He−iHt/h̄ |ψ (0)〉 (29)

=H |ψ (t)〉 (30)

The derivative of U (t) can be calculated from the derivatives of its matrix
elements, which are all power series.
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